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The Existence of Symmetric Skew Balanced Starters for Odd Prime 
Powers 
J. E. Yu AND F. K. HWANG 
Strong starters and skew starters have been widely used in various combinatorial designs such as 
Room squares and Howell designs. Mullin and Nemeth, also Chong and Chan, gave a construction 
of skew starters for every odd prime power n. Skew balanced starters and symmetric skew balanced 
starters are two special types of skew starters crucially used in the construction of completely 
balanced Howell rotations for bridge tournaments (which is different from Howell designs and 
whose construction remains an open problem). Represent an odd prime power n as ek + I where 
e = 2m and k is odd. Recently, Du and Hwang gave a construction for symmetric skew balanced 
starters for general m ;;;. 2 but could prove its validity only fork ;;;. O(e3 ). Yu and Hwang improved 
this result to k ;;;. O(e) and conjectured that the construction is valid for all m ;;;. 2 and k > I. In 
this paper we prove the conjecture except for the two cases k = 3, 9. 
1. INTRODUCTION 
Let n be an odd prime power. A set of p = (n - 1)/2 pairs (x 1 , y 1), ••• , (xp, yp) is 
called a starter if 
(i) the p pairs contain each nonzero element of GF(n) exactly once; 
(ii) {±(x;- y;): i = 1, ... ,p} = GF(n) = {0}. 
A starter is strong if 
(iii) x 1 + y 1 , ••• , xP + yP are all distinct nonzero elements of GF(n). 
It is skew (which implies strong) if 
(iv) ± (x 1 + y 1 ), ••• , ± (xp + yP) are all distinct nonzero elements of GF(n). 
A starter is balanced if 
(v) the set of differences {x; - xj: i = 1, ... , p, j = 1, ... , p, i -:1 j} and the set of 
differences { Y; - Y/ i = 1, ... , p, j = 1, ... , p, i -:1 j} together contain the non-
zero elements of GF(n) an equal number of times. 
Finally a starter is symmetric if 
(vi) {x~o ... , xP} = { -x1, ••• , -xP} (which implies {y1, ••• , Yp} = { -y1, ••• , -yP}). 
Since n is odd, we can represent n in the form n = ek + 1 where e = 2m and k is odd. 
The existence of symmetric skew balanced starters (SSBSs) for GF(n) has been shown for 
several values of m. Note that condition (vi) implies that the number of nonzero elements 
in GF(n) must be divisible by 4, hence m ~ 2 (form = 1 Berlekamp and Hwang [1] gave 
a construction for skew balanced starters for all k > 1). Hwang, Kang and Yu [3] gave a 
construction of SSBSs for m = 2 and k > 1. Schellenberg [5], also Du and Hwang [2], 
considered constructions for general m. In particular, Du and Hwang gave a construction 
which works for (i) m = 2 and k > 1, (ii) m = 3 and k > 1, (iii) m ~ 4 and k > 9e3• 
Later, Yu and Hwang [6] showed that the construction of Du and Hwang works for all 
m ~ 2 and k ~ 4e. They also conjectured that the construction works for all m ~ 2 and 
k > 1. In this paper we prove the conjecture except for the two cases k = 3 and k = 9. 
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2. SOME PRELIMINARY REMARKS 
Let GF*(n) denote the multiplicative group ofGF(n). Let x be a generator of GF*(n) and 
for any element y E Gn we write TAy) = z if y = r. An element y E GF*(n) is called a 
desirable element if it satisfies the following three conditions: 
(i) TAy) = -1 (mod e), 
(ii) TAy - I) = TAx - I) (mod 2), 
(iii) TAy + I) = TAx + I) (mod 2). 
Du and Hwang [2] proved that if y is a desirable element, then the following pairing 
(referred to later as the DH pairing) is an SSBS for GF(n): 
(_?"i+2HI, ~m;+2H2) i = 0, 1, ... 'k- I;j = 0, 1, ... '2m-2- 1, 
The problem is to prove the existence of a desirable element. Such a proof usually involves 
calculations on cyclotomic numbers. 
The cyclotomic number (s, t) for given n = ek + I is defined as the number of elements 
y E GF*(n) such that TAy - I) = s (mod e) and TAy) = t (mod e). It is well known [4] 
that the cyclotomic number is independent of x and (noting k is odd) 
} e-1 e-1 
(s, t) = 2 L L (-I)"p-su-tvJ(u, v) 
e u~O v~O 
where f3 = exp(2ni/e) and J(u, v) is the Jacobi sum 
L x"(y)xv(I - y) 
yEGF*(n) 
y"l 
for a character x on GF(n) of order e. The following properties of the Jacobi sum can be 
found in [4]: 
LEMMA I. For u, v, u + v "I= 0 (mod e) 
J(O, 0) 
J(O, v) 
J(u, v) 
J(u, v) 
J(u, v)J(-u, -v) 
n- 2, 
J(u, 0) = -1, 
J(v, u) has absolute value either Jii or I, 
(-I)"kJ(u, -u- v), 
n 
Let O(E) denote the set of all odd (even) nonnegative integers less than e. Then it is well 
known [4]: 
LEMMA 2. 
I <- PY" Ir 0, if u ¥= 0, e/2 (mod e) 
tEO /EO 
-e/2, if u = e/2 (mod e) 
I <- PY" L ptu 0, if u ¥= 0, e/2 (mod e) 
lEE lEE 
e/2, if u = e/2 (mod e) 
e-1 e-1 L ptu I <- PY" -1, if u ¥= 0 (mod e) 
t~l t~l 
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3. THE NEW IDEA 
Let Tx(y) = t (mod e). Then Tx(y- 1) = - t (mod e). Furthermore, y - I = - y 
(y- 1 - I) = x"- 112x'(y- 1 - I). So if t is odd, then Tx(y- I) = Tx(y- 1 - I) + I. 
Similarly, if t is odd, then Tx(y + I) = Tx(y- 1 + I) + I. Note that the parity of 
an element is independent of the generator designated. Since our discussion on Tx( ) 
will be centred on its parity, we will omit the subscript x when no confusion can 
arise. Partition the elements of GF*(n) into e residue classes C0 , C1, ••• , Ce_ 1• Suppose 
that for some odd t the class C, contains two elements u and v such that T(u - I) = 
T(v - I) + I (mod 2) and T(u + I) = T(v + I) + I (mod 2). If furthermore, one of 
the two elements, say u, is a generator, then v- 1 is a desirable element; i.e., Tu(v- 1) = -I 
(mod e), Tu(v- 1 - I) = Tu(u - I) (mod 2) and Tu(v- 1 + I) = Tu(u + I) (mod 2). 
The advantages of this new method is that we are no longer restricted to searching in 
one given residue class, namely, Ce-l, for a desirable element. The search is broadened 
to all residue classes with odd subscripts (we will refer to such a class as an odd C,) and 
hence a greater chance of success. Our general strategy is to find u and v in an odd C, 
such that u - I and v - I as well as u + I and v + I have opposite parities. Then 
we show that one of them is a generator. The following lemma is helpful for the second 
aspect. 
LEMMA 3. C, has ¢(k) generators for odd t (¢ is the Euler function so that ¢(k) is 
the number of natural numbers less than and relatively prime to k) and none for 
event. 
PRooF. Partition the set of n - I integers {I, 2, ... , n - I} into e residue classes 
Ro, R1, ••• , Re-I· Letfbe an odd factor ofn- I. Sincefis relatively prime toe, the 
(n - I)/fmultiples off spread evenly into Ro, R1, ••• , R,_ 1 • Therefore each R, of odd t 
contains the same number of elements relatively prime ton - I. Clearly, each R, of even 
t contains no element relatively prime to n - I since every element in R, is a multiple of 
two. There are ¢(n - I) = ¢(e)¢(k) elements relatively prime to n - I and there are 
c/J(e) R, of odd t. So each R, of odd t contains ¢(k) elements relatively prime to n - I. 
Note that r E R, if and only if x E C,. Furthermore xis a generator of G* if and only 
if r is relatively prime to n - I. Hence Lemma 3. 
An element y E GF*(n) will be called an (E, E) type if T(y - I) is even and T(y + I) 
is even. Similarly we define the (E, 0) type, the (0, E) type and the (0, 0) type. We say that 
the (E, E) type and the (0, 0) type are complementary to each other, and so are the (E, 0) 
type and the (0, E) type. We will show in the next section that fork ~ 23 there exists an 
odd C, which contains elements of all four types. By Lemma 3 C, also contains a generator 
u. Let v E C, be an element of the type complementary to the type of u. Then v- 1 is a 
desirable element. 
For 13 ~ k < 23 Lemma I assures that ¢(k) ~ (k + I)/2. We will show that 
there exists an odd C, containing at least (k + I)/2 elements of two complementary 
types, hence there is a generator in these elements. We also show that each of the two 
types is not vacuous. So there exists an element of type complementary to the type of a 
generator. 
For 3 < k ~ 11, k i= 9, Lemma I assures that ¢(k) = k - I. Therefore each odd C, 
contains only one element which is not a generator. We show that there exists an odd C, 
such that neither type (E, E) and type (0, 0) are both not vacuous, or type (E, 0) and type 
(0, E) are both not vacuous. Clearly, C, contains two elements of complementary type with 
one element being a generator. 
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4. THE MAIN RESULTS 
FortE 0 we have 
L (s, t) = ~ L 'f 'f ( -l)"k p-su-tv J(u, v) 
seO e ieO u=O v=O 
= ~ 'f 'f ( -l)"k p-tv J(u, v) L p-su 
e u=O v=O seO 
= ~ {~ •r.l p-tvJ(O, v)- ~ 'f (-l)<n-l)i2p-tvJ(~, v)} 
e 2 v=O 2 v=O 2 
1 { •-I (E )} 
= - n - I - L p-tv J -, v 
2e v=O 2 
Similarly, for t E 0 we have 
L (s, t) 
sEE 
I 
2e (n - I + A1), 
L (t, s) 
seO 
I 
2e (n - I - H1), 
L (t, s) 
seE 
I 
2e (n - I + H1), 
L (s, 2t) 
sEO 
I 
2e (n - I - D1), 
L (s, 2t) 
sEE 
I 
2e (n - I + D1), 
where H1 = I:~:~ ( -1)" p-tv J(;, v) and D1 = I:~:~ p-2tv J(;, v). The nonnegativity of the 
sums implies that n - I ~ max{IA1 I, IH1 I, ID1 I}. 
Note that there exists a one-one mapping of elements yin an odd C1 with elements z = l 
in class C21 • Furthermore, if y is of type (E, E) or (0, 0), then T(z - I) is even; otherwise 
T(z - I) is odd. Thus the number of elements in C1 of type (0, 0) is 
N,(o, o) = ~ { I (s, t) + I (t, s) - I (s, 2t)} 
seO seO seO 
Similarly, we have 
N,(E, E) ~ { L (s, t) + L (t, s) - L (s, 2t)} 
seE seE seO 
I 
4e (n - 1 + · A 1 + H1 + DJ, 
N,(O, E) ~ { L (s, t) + L (t, s) - L (s, 2t)} 
seO seE seE 
I 
4e (n - 1 - A 1 + H1 - D1), 
N,(E, 0) ~ { L (s, t) + L (t, s) - L (s, 2t)} 
seE seO seE 
Define 
P(n) 256e4 L N1(0, O)N,(E, E)N1(0, E)N,(E, 0). 
lEO 
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If P(n) > 0, then there exists an odd C1 containing elements of all four types. Now 
P(n) = L {(n - 1)4 - 2(n - l)2(A; + B; + D;) + 8(n - l)A 1B1D1 
lEO 
~ L {(n - 1)4 - lf(n - l)2 (A; + B; + D;)}, 
lEO 
since 
8(n - l)A 1B1D1 ~ - !l6(n - l)A 1B1D1 I 
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~ -t{(n-l)2 A; +B;D; +(n-l)B; +D;A; +(n-l)D; +A;B;} 
-t{(n- l)2(A; + B? + D12 ) + A;B; + B?D; + D?A:}, 
and 
LEMMA 4. ~tEO (A; + B; + D12 ) ~ 2e2n - 4en + 4e. 
PROOF. 
L (A; + B? + D?) 
tEO 
L ef ef J ( _2e ' u) J ( _2e ' v) 
tEO u=O v=O 
X ({3-t(u+v) + ( _ l)u+v p-t(u+v) + p-2t(u+v)) 
:t: :t: J ( ~' u) J ( ~' v) 
X ( L p-t(u+v) + ( -l)u+v L p-t(u+v) + L p-2t(u+v)) 
lEO tEO tEO 
e-I ( e ) ( e ) 3e w~O J 2' W J 2' e - W 2 
e-I (e ) (e e ) ( e) + I J -, w J -,- - w - -
w=O 2 2 2 2 
e-I (e ) (e e ) ( e) + I J -, w J -,- - w - -
w=O 2 2 4 2 
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Let F(w) denote the expression in the square bracket. Fore ~ 8 and wE [I,~ - I] we 
have 
3 
2 ( e je ) { ( e ) ( e e )} I2n - j~o J 2, '4 + w - 2 J 2, w + J 2, 2 + w 
Let 
Then 
Furthermore, 
n. 
Therefore, 
F( w) + F ( i + w) + F ( ~ + w) + ( ~ + n) 
I2n - 2(~ - b~ + ~ - d~) - 8awcw 
~ I2n + 2(~ + b~ + ~ + d~) - 4(aw + cw)2 ~ I6n. 
On the other hand 
F(O) + F(i) + F(~) + F(~) 
= { 3 - I + J ( ~, i) + J ( ~, ~)} + { 3n - J 2 ( ~' i) + 2J ( ~, i)} 
+ { 3 - I + J ( ~, ~) + J ( ~, i)} + { 3n - J 2 ( ~, ~) + 2J ( ~, ~)} 
= 6n + 4 + 8c0 - 2c~ + 2tf5 
= 6n + 2(c~ + dJ) - 4(c0 - 1)2 + 8 
~ 8n + 8 
Summarizing, we have 
L (A; + B? + D?) 
lEO 
e e-1 
= 2 w~o F(w) 
~ ~ { ( i - I) I6n + 8n + 8} 
= 2~n - 4en + 4e. 
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By using Lemma 4 we obtain 
P(n) ~ i<n- 1)4 - 137 (n- 1)2 (2e2n- 4en + 4e) 
= e(n ~ 1i (3e2 k 2 - 68e2 k - 68e + l36ek) > 0, if k ~ 23. 
Fork < 23, <J>(k) ~ (k + 1)/2 by Lemma 3. Suppose that there exists atE 0 such that 
A1B1D1 < 0. We consider two cases: (i) D1 > 0. Then A1B1 < 0, which means one of them 
is positive and the other negative. Therefore 
IAt + Btl < max {IAtl, IBtl} = n - 1. 
It follows that 
and 
N;(E, E) 
1 
-(n-1-A-B+D)>O 
4e I I I 
. 1 k + 1 
N;(O, 0) + N;(E, E) = 2e (n - 1 + D1) ~ - 2 -. 
Therefore, there exists a generator of either the (0, 0) type or the (E, E) type, and its 
complementary type is not vacuous. (ii) D1 < 0. Then A 1B1 > 0 and IA1 - B1 l < n - 1. 
An analogous argument shows the existence of a generator of either the (0, E) type or the 
(E, 0) type, and its complementary type is not vacuous. 
Therefore we may assume that for all t E 0, A1B1D1 ~ 0. Then 
P(n) ~ L {(n - 1)4 - 2(n - I)2 (A~ + B? + D?) + (Ai + Bi + Di) 
teO 
- 2(A2 B 2 + B 2 D 2 + D 2 A2 )} t t t t t t 
~ L {n - I)4 - 3(n - I)2 (A~ + B? + D?)} 
teO 
e(n - I)2 ~ 2 (e
2~ - I2e2k - I2e + 24ek) > 0, if k ~ 13. 
For 3 ::::; k ::::; II k is a prime number and </>(k) = k - 1 except for k = 9. Let k be 
prime. Then 
L {NI(O, O)N;(E, E) + Nt(O, E)N;(E, 0)} 
lEO 
= (4I)2 L 2{(n - I)
2 
- A~ - B? + D?} 
e teO 
~ 8\ L {(n - I)2 - (A~ + B? + D;)} e teO 
I ( e3 k2 3 2 2 ) ~ Se2 2 - 2e k - 2e + 4e k > 0, if k ~ 5. 
We have proved 
THEOREM. The DH pairing is an SSBS for all odd prime power n = 2m k + I, where k 
is odd and m ~ 2 except fork = I, 3, 9. 
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